Aims. The aim of this paper is the dynamical determination of the quadrupole mass moment J 2 of the main-sequence HD 209458 star. Methods. The adopted method is the confrontation between the measured orbital period of its transiting planet Osiris and a model of it. Osiris is assumed to move along an equatorial and circular orbit. Results. Our determination, for given values of the stellar mass M and radius R and by assuming the validity of general relativity, is J 2 = (3.5 ± 0.5) × 10 −5 . Previous fiducial evaluations based on indirect, spectroscopic measurements yielded, instead, J 2 ∼ 10 −6 : such a value is incompatible with general relativity, given the present-day level of accuracy in measuring the Osiris' orbital period.
Introduction
The quadrupole mass moment J 2 is an important astrophysical stellar parameter related to the inner structure and dynamics of a star (Paternò et al. 1996; Pijpers 1998) .
In this paper we dynamically determine the quadrupole of the main-sequence star HD 209458 from the measured orbital period P of its transiting planet HD 209458b 'Osiris' (Charbonneau et al., 2000; Henry et al., 2000) . It is the beststudied transiting planet to date, mainly due to its proximity and the resultant high apparent brightness of its parent star.
Until now, only a fiducial value J 2 = 2 × 10 −6 by Miralda-Escudé (2002) , based on spectroscopic measurements of rotational velocity (Queloz et al. 2000) , exists for HD 209458. Also Winn et al. (2005) assumed J 2 ∼ 10 −6 . More generally, Miralda-Escudé (2002) investigated the possibility of dynamically measuring the quadrupole of a star from the node and periastron precessions of a transiting planet which cause a time variation of the duration of a transit; the periastron precession also induces a variation of the transit period. Such orbital perturbations should be measured from an accurate photometric analysis of the light-curve of the transiting planet, but, until now, such a proposed strategy has not yet been implemented. Winn et al. (2005) pointed out that, for J 2 ∼ 10 −6 , the quadrupole node precession would amount to about 4 arcseconds per year; measuring such an effect would require high-precision photometry spanning several years (Winn et al. 2005 ).
The use of the orbital period of Osiris
The Newtonian gravitational potential U of an oblate star of mass M and equatorial radius R can be written as
Send offprint requests to: L. Iorio where θ is the co-latitude angle. For the orbital period of a planet of mass m in a circular and equatorial (θ = π/2) orbit of radius a Eq.
(1) yields
In fact, in addition to Eq. (2), there is also a post-Newtonian, general relativistic part (Soffel 1989; Mashhoon et al. 2001; Iorio 2005; to be added; for circular orbits and m ≪ M (see Section A) it is
where c is the speed of light in vacuum, so that
In the case of Osiris, Eq.
(2)-Eq.
(3) yield a reliable model of its orbital period because the eccentricity e was recently evaluated to be e = 0.014 ± 0.009 (Laughlin et al. 2005 ) and the inclination angle ψ of the orbital plane to the star's equator, determined by means of the Rossiter-McLaughlin effect (Rossiter 1924; McLaughlin 1924) , should not be larger than about 5 deg, (Winn et al. 2005) . Moreover, there are currently no observational evidences of the presence of other bodies around HD 209458 (Brown et al. 2001; Croll et al. 2005; Laughlin et al. 2005) which may require the introduction of additional perturbing terms in Eq. (4); the inclusion of the general relativistic correction of Eq. (3) is required because it amounts to about 0.1 s, while the errors in the most recent measurements of the Osiris' orbital period are 0.016 s (Wittenmyer et al. 2005 ) and 0.033 s (Knutson et al. 2006 ). Thus, the HD 209458 quadrupole mass moment can be determined by comparing the model of Eq. (2)-Eq. (4) to the measured period P (meas) , determined in a purely phenomenologically way from combined photometric transit and spectroscopic radial velocity techniques, independent of any gravitation theory, and solving for J 2
By using Eq. (5) and the system parameters derived for M = 1.07M ⊙ and R = 1.137R ⊙ and P (meas) = 3.52474554 d (Wittenmyer et al. 2005) , we obtain
It must be noted that the obtained result is free from any a priori, 'imprinting' effect by J 2 itself. Indeed, M and R are kept fixed, the impact of m, which is, in fact, obtained from the mass function with a simple Keplerian model of the period P (0) , is negligible (see Eq. (9) below), and a, determined from 1
which is independent of any model of the orbital period, is not affected by J 2 over timescales longer than one full orbital revolution.
Let us now evaluate the uncertainty in J 2 as
For the same values of M and R as before and δP (meas) = 0.016 s (Wittenmyer et al. 2005) we have
The stellar mass was not included in the least-square solution by Wittenmyer et al. (2005) also because its determination is more model-dependent than the other parameters. The range of allowable values 1.06 ± 0.13 solar masses (Cody & Sasselov 2002) was, instead, used; it comes from observational errors in temperature, luminosity, and metallicity as well as systematic errors in convection mixing-length and helium abundance. The resulting scattering in the determined values of J 2 is
Thus, we can state that the model-dependence of our estimate amounts to 5 × 10 −6 , so that a conservative estimate of the total uncertainty in J 2 is
Our estimate for J 2 of HD 209458 is larger than that of the solar quadrupole (J ⊙ 2 ∼ 2 × 10 −7 (Paternò et al. 1996; Pijpers 1998) ), consistently with the fact that the parent star of Osiris rotates faster than the Sun (Queloz et al. 2000) , but it is one order of magnitude larger than the fiducial value by Miralda-Escudé (2002) and Winn et al. (2005) . It is interesting to note that for J 2 ∼ 10 −5 the measurement of the node and periastron
P sin i is the projected semiamplitude of the star's radial velocity.
precessions proposed by Miralda-Escudé (2002) would be easier than it was supposed Winn et al. (2005) .
We can test the hypothesis that J 2 ∼ 10 −6 by using general relativity in the following way. Let us introduce a parameter µ in the expression of the post-Newtonian correction of Eq. (3) and solve for it getting
The error can be posed, in general, as
with
It is possible to express µ in terms of the PPN parameters γ and β (Will 1993) ; for a circular orbit with m ≪ M, eq. (A.2.50) of (Soffel 1989) 
so that in general relativity µ = 1. By making the reasonable assumption that the Einsteinian theory of gravitation is valid in the HD 209458 system as well, we can check if such a constraint is satisfied by J 2 = 1 × 10 −6 . The answer is negative because we have
independently of M. The value for δµ (J 2 ) has been obtained by assuming an uncertainty as large as 10 −5 in the estimate by Miralda-Escudé (2002) and Winn et al. (2005) . Incidentally, let us note that the approach of Eq. (12) yields a re-formulation of the problem of directly testing general relativity with the orbital period of Osiris tackled in (Iorio 2006) . Indeed, now the errors in a and m are no more a major limiting factor; conversely, the quadrupole mass moment of HD 209458 assumes a great relevance being impossible to de-couple its action from that of the post-Newtonian field with only one observable as the orbital period of Osiris at our disposal. Should we keep the fiducial value by Miralda-Escudé (2002) and Winn et al. (2005) for J 2 , with an uncertainty of 10 −5 , Eq. (16) would represent a quite neat-and improbable-contradiction of general relativity, given the present-day absence of other planets in the HD 209458 system affecting the motion of Osiris in a detectable way.
Discussion and conclusions
In this paper we dynamically determined the quadrupole mass moment J 2 of the HD 209458 star from the orbital period P of its transiting planet Osiris, assumed to be in a circular and equatorial orbit. Its measured value−determined in a phenomenological way, independent of any gravitational theory−was compared to an analytical model including the Newtonian part, constituted by the usual Keplerian component and the term induced by J 2 , and the post-Newtonian, general relativistic correction. The inclusion of the latter term, which is of the order of 0.1 s, was motivated by the ∼ 0.01 s level of accuracy reached in measuring P. By keeping the stellar mass M and radius R fixed to values within a range determined from stellar evolution models and temperature/luminosity measurements, by assuming that general relativity is valid in the HD 209458 system as well and that Osiris is the only planet affecting the motion of its parent star in a detectable way, we obtained J 2 = (3.5 ± 0.5) × 10 −5 . Such value is about one order of magnitude larger than previous fiducial evaluations based on indirect, spectroscopic measurements: it is worth noting that a stellar quadrupole as large as ∼ 10 −6 would neatly be in contrast with general relativity. An independent check of our result may come from measurement of the node and apsidal line precessions, although they should require high-precision photometry spanning many years.
Appendix A: The post-Newtonian correction to the orbital period
In fact, the post-Newtonian gravito-electric correction to the orbital period does depend on both the eccentricity e and the initial value of the true anomaly f 0 according to
with (Soffel 1989; Mashhoon et al. 2001 )
Depending on e and ν, F-and P (PN) -vanishes for those values of f 0 which satisfy the relation
it may also happen that the absolute value of the right-hand-side of Eq. (A.4) is larger than 1, so that P (PN) 0.
In the case of the HD 209458 system, ν ∼ 10 −4 ; recent refinements in the Osiris ephemerides yields e ≤ 0.023 (Laughlin et al. 2005) F never vanishes, ranging from 0.90 to 1.09. Thus, the difference between the maximum and the minimum values of P (PN) is 0.019 s at the most: it just lies at the edge of the precision with which the orbital period is known, i.e. 0.016 s (Wittenmyer et al. 2005) and 0.033 s (Knutson et al. 2006 ), so that we can approximate F to unity.
